This paper investigates the influence of the basis set on the GW self-energy correction in the full-potential linearized augmented-plane-wave ͑LAPW͒ approach and similar linearized all-electron methods. A systematic improvement is achieved by including local orbitals that are defined as second and higher energy derivatives of solutions to the radial scalar-relativistic Dirac equation and thus constitute a natural extension of the LAPW basis set. Within this approach linearization errors can be eliminated, and the basis set becomes complete. While the exchange contribution to the self-energy is little affected by the increased basis-set flexibility, the correlation contribution benefits from the better description of the unoccupied states, as do the quasiparticle energies. The resulting band gaps remain relatively unaffected, however; for Si we find an increase of 0.03 eV.
I. INTRODUCTION
Electronic excitation energies may be obtained from the solution of the quasiparticle equation of many-body perturbation theory. This equation contains a nonlocal and frequency-dependent operator, the self-energy ͚ xc ͑r , rЈ ; ⑀͒, which, in principle, incorporates all electronic exchange and correlation effects. As it cannot be treated exactly for real systems, practical implementations typically use the GW approximation, 1 which has become increasingly popular for electronic-structure calculations of excited states in recent years and yields band structures in good quantitative agreement with experimental spectroscopy for a wide range of materials.
Due to its technical simplicity, the first implementations were based on the pseudopotential plane-wave approach. In spite of several approximations in the numerical treatment, which were necessary because of the lack of computer power in the 1980s, initial results were very promising. Hybertsen and Louie 2 as well as Godby et al. 3 showed that the calculated band gap of Si fell within a margin of about 0.1 eV from the experimental value. Shortly afterwards the same authors reported band gaps for several other semiconducting materials that turned out to be equally accurate. 4, 5 After these pioneering studies the GW approximation was applied to a variety of semiconductors, insulators, and metals with great success. 6 So far, most codes still rely on the pseudopotential approximation, which restricts the range of materials that can be examined. Transition-metal compounds and oxides, in particular, cannot be treated efficiently in this approach. Two early all-electron calculations using the GW approximation were done by Hamada et al. 7 for Si and by Aryasetiawan 8 for Ni, both within the linearized augmented-plane-wave ͑LAPW͒ method. However, only very recently were further full-potential implementations reported, based on the LAPW ͑Refs. 9 and 10͒ the linearized muffin-tin orbital ͑LMTO͒ ͑Refs. 11 and 12͒, the projector-augmented-wave ͑PAW͒ ͑Refs. 13 and 14͒ and the Korringa-Kohn-Rostoker 15 method together with applications to a larger variety of systems.
Compared to earlier pseudopotential results, it was found, however, that LAPW, LMTO, and PAW calculations appeared to yield systematically smaller band gaps for semiconductors and, in many cases, a worse agreement with experiment. 9, [11] [12] [13] [14] Ku and Eguiluz 9 hence argued that, in contrast to all-electron methods, the pseudopotential calculations benefited from a fortuitious error cancellation between the pseudopotential approximation and the neglect of vertex corrections in the GW approximation. Although their calculations were subsequently criticized for not being converged with respect to the number of bands, 16, 17 other all-electron calculations showed a similar underestimation of the band gap. [11] [12] [13] [14] In a different attempt to make one step towards an all-electron treatment, Tiago et al. 16 relaxed the pseudopotential approximation by constructing a pseudopotential only for the 1s state of Si while treating the 2s and 2p states as valence. Surprisingly, the resulting band gaps did not deviate substantially from the previous pseudopotential results, which made the conjecture of Ku and Eguiluz doubtful. In order to resolve this conflict, it is imperative to carefully analyze and compare the numerical approximations made in the two approaches.
Of course, deviations are expected for several reasons. First, the pseudized wave functions differ from their true counterparts and modify the matrix elements of the selfenergy. Second, the core electrons are not included in the construction of the nonlocal self-energy if pseudopotentials are used, which may lead to errors in the core-valence exchange contribution. On the other hand, the single-particle wave functions ͑and the corresponding energies͒ of both pseudopotential and linearized all-electron approaches, such as LAPW or LMTO, become more and more inaccurate at higher energies. The LAPW basis set, on which we concentrate in the following, is defined by an expansion around fixed energy parameters that yield accurate wave functions only in their neighborhood, i.e., the valence band. Of course, this does not affect calculations within density-functional theory 18 ͑DFT͒, which only makes use of the occupied states. The GW self-energy, however, depends on the unoccupied states up to high energies through the Green function G as well as the screened Coulomb interaction W. The inappropriate description of these states might, therefore, cause errors in the self-energy correction.
The construction of the pseudopotentials guarantees an accurate wave function and energy only for the ground state of a given angular momentum but leads to deviations for higher-lying states. While the deficiency in the pseudopotential approach is inherent in the pseudopotential construction, in the LAPW method it must be attributed to the inadequacy of the basis set for high-lying unoccupied states and can be overcome by increasing the basis-set flexibility. It is the purpose of this paper to elucidate the influence of the basis set on the GW results by systematically extending it towards basis-set completeness. We achieve this by adding local orbitals defined as second and higher energy derivatives of solutions of the radial scalar-relativistic Dirac equation. There are several alternative approaches: Bross and Fehrenbach 19 use spline functions to augment the basis set, Krasovskii et al. 20 employ conventional local orbitals located in the conduction bands together with their energy derivatives. The advantage of the present approach is that no special consideration about the energy parameters is needed. Furthermore, with the order of the derivatives in each angular-momentum channel, it contains well defined convergence parameters that allow a systematic attainment of basisset completeness.
This paper is organized as follows. In Sec. II we provide a brief introduction to the GW and LAPW methods. In Sec. III we describe our extension of the LAPW basis set in detail. As an illustration, in Sec. IV the effect of the basis-set extension on the GW results for Si is discussed. We show that the extension of the basis set and the convergence with respect to the number of bands both reduce the discrepancy with the pseudopotential and the experimental band gap. Unless stated otherwise, we use Hartree atomic units.
II. METHODS

A. GW approximation
Within many-body perturbation theory, the quasiparticle wave functions nk ͑r͒ and energies ⑀ nk are obtained from the solution of the quasiparticle equation
where V ext ͑r͒, V H ͑r͒, and ͚ xc ͑r , rЈ ; ⑀ nk ͒ are the external potential created by the crystal field and other applied static fields, the Hartree potential, and the exchange-correlation self-energy, respectively. The quantum numbers n, k, and signify the band, wave vector, and spin. Like the majority of existing implementations, our code exploits the formal similarity to the Kohn-Sham ͑KS͒ equation to obtain approximate energies within first-order perturbation theory
where V xc ͑r͒ is the local exchange-correlation potential, nk ͑r͒ the Kohn-Sham wave function, and the quasiparticle renormalization factor is given by
In the following we will always use the shorthand notation
We employ the GW approximation for the self-energy, symbolically written as
͑␦ is an infinitesimal positive number͒ and W the dynamically screened Coulomb interaction. The latter is calculated from W = v + vPW, where v is the bare Coulomb potential and P the polarization function
in the random-phase approximation. In practice, the selfenergy is decomposed into exchange and correlation contributions
The exchange contribution only depends on occupied states, whereas unoccupied states up to high energies, typically 100-200 eV above the Fermi energy, are needed for an accurate evaluation of the correlation contribution.
B. LAPW basis set
The all-electron APW method 21 as well as the related LAPW method 22 rely on a decomposition of space into muffin-tin ͑MT͒ spheres, centered at the atomic nuclei, and the interstitial region. The core-electron wave functions, which are ͑mostly͒ confined to the muffin-tin spheres, are directly obtained from a solution of the fully relativistic Dirac equation. Here only the spherical part of the effective potential is retained. For the valence electrons a basis set ͕ k+G ͑r͖͒ is constructed. Its basis functions, the so-called augmented plane waves, are defined everywhere in space.
The smoothness of the potential in the interstitial region motivates the use of plane waves with ͉k + G ͉ ഛ K max , where K max is a convergence parameter. In the MT spheres, on the other hand, the potential is peaked at the nuclei and predominantly spherical. In the APW method, which is usually implemented in combination with a shape approximation of spherically symmetric potentials inside the MT spheres, one uses numerical solutions u l ͑0͒ ͑⑀ l , r͒ of the radial Schrödinger
with the Kohn-Sham Hamiltonian 
The two sets of radial functions are combined with the interstitial plane waves in such a way that not only the basis functions but also their radial derivatives are continuous at the MT sphere boundaries. This procedure yields the LAPW basis set for the valence electrons
͑10͒
where the coefficients a lm k+G are uniquely determined by the matching conditions and ⍀ is the unit-cell volume. The inclusion of the energy derivatives implies a linear approximation for the radial functions
thus introducing a linearization error, which grows with the deviation of the band energy ⑀ nk from the parameters ⑀ l and becomes especially relevant for high-lying states. In fullpotential LAPW implementations the radial functions are still derived from the spherical part of the MT potential. Therefore, the actual wave functions cannot be constructed from the u lm ͑0͒ ͑⑀ l , r͒ alone, but as the nonspherical modulation is typically small, it is commonly accepted that the energy derivatives add enough basis-set flexibility to describe the valence electrons in the full potential accurately. 23 In order to quantify the error incurred by the approximation ͑11͒, we compare the Kohn-Sham eigenvalue spectra with and without the linearization of the radial functions. In the second case we determine the band energies ⑀ nk iteratively by setting the energy parameters ⑀ l equal to the ⑀ nk until self-consistency is reached. For a spherically symmetric MT potential this procedure is equivalent to the APW method, because the contribution of the energy derivatives in our scheme vanishes at the self-consistency point ⑀ l = ⑀ nk , and the description of the wave functions is thus identical: linear combinations of u lm ͑0͒ ͑⑀ l , r͒ inside the MT spheres and plane waves in the interstitial region. It should be noted that although the APW basis functions exhibit a derivative discontinuity at the MT sphere boundaries, the wave functions themselves are smooth. Furthermore, the increased basis-set flexibility achieved by the additional radial functions makes it possible to apply our method to the full crystal potential. In this case the energy derivatives yield a nonvanishing but small contribution that reflects the nonspherical modulation.
In Fig. 1͑a͒ we compare the resulting Kohn-Sham band structure with that from a standard full-potential LAPW calculation for the prototype semiconductor Si. Both band structures are evaluated within the local-density approximation for the same effective potential, which is obtained from the LAPW self-consistency loop. The calculation is carried out with the experimental lattice constant of 10.26 Bohr, a muffin-tin radius of 2.16 Bohr, K max = 4.0 Ha, an angularmomentum cutoff of 8, and 512 k points in the full Brillouin zone. We use the FLEUR code. 24 In Fig. 1͑b͒ we make a similar comparison with the pseudopotential plane-wave method, which is the most frequently used approach in the context of the GW approximation. For this calculation we use a standard norm-conserving Hamann pseudopotential 25 and an energy cutoff of 9 Ha for the plane waves, the other parameters are the same as in LAPW. In both cases deviations start to occur at around 20 eV above the Fermi energy, i.e., around the twentieth band. This is far below the number of bands normally included in a GW calculation to ensure convergence of the self-energy.
In the next section we discuss our extension of the LAPW basis set, which allows a systematic reduction and ultimate elimination of the linearization error. In the basis-set limit the basis becomes complete and all states, including highlying conduction bands, are accurately described.
III. THE LAPW BASIS-SET EXTENSION
In order to enhance the basis-set flexibility, it is not sufficient to simply increase the plane-wave cutoff K max , as is the case in pseudopotential calculations, since this only improves the basis set in the interstitial region but not within the muffin-tin spheres. In fact, Krasovskii 26 has shown that a fairly small K max is sufficient to provide enough flexibility in the interstitial region, while the MT part of the basis set quickly deteriorates the more the wave-function energies deviate from the parameters ⑀ l . This inadequacy cannot be overcome with a higher K max .
In a straightforward extension of the LAPW approach one can include second energy derivatives in the Taylor expansion ͑11͒. In this case one would need a third matching condition, though, in order to uniquely define the augmented plane waves ͑10͒, e.g., the continuity of the second radial derivative at the MT sphere boundaries. These more stringent conditions are known to lead to a less efficient basis set, i.e., one with a slower convergence with respect to K max , however. 27 To circumvent this problem we introduce the higher energy derivatives as additional basis functions in the form of local orbitals, 27 which vanish outside and on the MT sphere boundaries and, therefore, do not need to be matched to plane waves. In general, the radial part of a local orbital is constructed as a linear combination of three radial functions with the conditions of vanishing value and derivative at the MT sphere boundary as well as normalization. In our approach these three functions are u l ͑0͒ ͑⑀ l , r͒, u l ͑1͒ ͑⑀ l , r͒, and one of u l ͑͒ ͑⑀ l , r͒ with ജ 2. The latter is the th energy derivative, which can be obtained in analogy to Eq. ͑9͒ from
͑see the Appendix for the scalar-relativistic treatment͒. We now prove that the functions u ͑͒ ͑⑀ , r͒ are ͑i͒ linearly independent of each other and ͑ii͒ orthogonal to solutions u ͑0͒ ͑⑀ 0 , r͒ of Eq. ͑7͒ with ⑀ 0 ⑀ that vanish outside and on the MT sphere boundary. For simplicity the indices l and are omitted here. The first statement guarantees that each derivative increases the variational freedom and does not lead to an overcomplete basis set. For u ͑0͒ ͑⑀ , r͒ and u ͑1͒ ͑⑀ , r͒ this follows trivially from condition ͑9b͒. Now assume that u ͑͒ ͑⑀ , r͒ for some ജ 2 can be written as a linear combination which contradicts the assumption of linear independence of the u ͑͒ ͑⑀ , r͒ with 0 ഛ ഛ − 1. Therefore, the derivatives of orders 0 , . . . , must all be linearly independent.
The second statement guarantees that orbitals u ͑͒ ͑⑀ , r͒ constructed from the valence basis are orthogonal to the core states u ͑0͒ ͑⑀ 0 , r͒. It should be noted, however, that shallow semicore states do not vanish sufficiently outside the MT spheres and should, therefore, be treated with ͑conventional͒ local orbitals at suitable energies. For the special case =0 the second statement follows from ͑ĥ − ⑀ 0 ͒ru ͑0͒ ͑⑀ 0 , r͒ = ͑ĥ − ⑀͒ru ͑0͒ ͑⑀ , r͒ = 0 with ⑀ ⑀ 0 and integration by parts, giving
Comparison of ͑a͒ full-potential LAPW and ͑b͒ pseudopotential band structures for silicon in the local-density approximation ͑dashed lines͒ with results from our nonlinear scheme in which the energy parameters are determined self-consistently ͑solid lines͒. In both cases deviations start to appear at around 20 eV above the Fermi energy ͑0 eV͒.
where R is the MT radius. For ജ 1 this expression instead reads
where the last equality follows from induction. When applied to Si, the example shown in Fig. 1 , already the inclusion of second-derivative local s, p, d, and f orbitals yields agreement with the reference band structure from our nonlinear scheme, on the scale of the figure, up to 60 eV above the Fermi energy. The addition of third derivatives and g functions pushes this limit up to around 80 eV. The improvement over conventional LAPW in the description of the unoccupied states is clearly seen in Fig. 2 , which shows the deviation of the single-particle energies from the corresponding reference values for ͑A͒ the conventional LAPW basis set, ͑B͒ with second-derivative local orbitals for l ഛ 3, ͑C͒ with second-derivative local orbitals for l ഛ 4, and ͑D͒ with second-and third-derivative local orbitals for l ഛ 4 at the ⌫ point of Si as a function of the single-particle energies. The inclusion of just the second-derivative local orbitals for all l ഛ 3 in ͑B͒ gives energies within 0.2 eV of the reference values up to 60 eV above the Fermi energy. Adding local orbitals with l =4 in ͑C͒ and third derivatives in ͑D͒ further improves the agreement. The advantage over similar approaches to improve the flexibility of the basis set ͑e.g., Ref. 20͒ is that systematic convergence can be achieved without special assumptions about the energy parameters of the additional local orbitals. As we find the results to be relatively independent of their position, one can simply use the LAPW energy parameters, which are located at the center of gravity of the valence band. The convergence towards basis-set completeness is then controlled by two simple parameters, the maximum quantum number l of the local orbitals and the order of derivatives ͑together with the l-cutoff and K max of the augmented plane waves͒.
IV. APPLICATION TO GW
Once the wave functions are determined in the basis ͑10͒, the polarization function ͑5͒ and related quantities are represented in terms of a mixed basis designed for the expansion of products of eigenfunctions. 11 It consists of plane waves with a cutoff of 2.7 Bohr −1 in the interstitial region and products of two radial basis functions inside the MT spheres, where the first is related to an occupied and the second to an unoccupied state. For occupied states u l ͑1͒ contributions and higher energy derivatives can be neglected, since the parameter ⑀ l is chosen to be the center of gravity of the occupied l-like density of states ͑⑀ 0 = −7.9 eV, ⑀ 1 = −3.2 eV, ⑀ 2 = −3.4 eV, ⑀ lജ3 = −4.8 eV relative to the top of the valence band͒. For unoccupied states the inclusion of u l ͑͒ with ജ 1 as well as higher angular momenta can be important, because the corresponding wave-function coefficients become large for higher-lying states. In our calculations the mixed basis is constructed from u l ͑0͒ with l ഛ 2 for occupied as well as u l
͑0͒
with 0 ഛ l ഛ 6 and u l
The omission of the other radial functions results in a negligible error not exceeding 0.1 meV in the correlation contribution ͚͗ c ͘ for all states considered here. The self-energy is evaluated with an angular-momentum cutoff of 6 and 216 k points in the full Brillouin zone. All other parameters are the same as in the underlying DFT calculation.
Changes in the expectation values of the exchange term ͚͗ x ͘ and the exchange-correlation potential ͗V xc ͘, which are both independent of the unoccupied states, are small and compensate each other; the main effect on the quasiparticle energies is due to the basis-set dependence of the correlation contribution to the self-energy. In Fig. 3 we show ͚͗ c ͘ for the valence-band maximum of Si at ⌫ as a function of the number of bands included in the Green function ͑4͒ and the polarization function ͑5͒ for the different basis sets ͑see Sec. III͒. Up to the fiftieth band the curves are nearly identical but then begin to deviate due to the linearization error. As the denominator in ͑5͒ reduces the weight of higher-lying states while their linearization error grows at the same time, the largest increase of the difference between the curves is seen for intermediate numbers of bands between 60 and 150. The curves converge rapidly with respect to the basis-set size: already with the inclusion of second-derivative local orbitals ͑B͒ convergence is reached to within 0.01 eV.
The corresponding curves for other states look qualitatively similar. Tables I and II give the values of ͚͗ c ͘ and the resulting quasiparticle energies ⑀ calculated with 245 bands for the different basis sets. As a reference, the valence-band maximum in the underlying Kohn-Sham calculation is set to zero. All quasiparticle energies tend towards smaller values in the basis-set limit. Consequently, the effect on relative transition energies is smaller but of the same order. In Fig. 4 we show the behavior of the indirect band gap as an example. The results are lowered by 0.02 eV if the k-point mesh is fully converged, and by another 0.02 eV if screening due to the 2p electrons is included in the correlation selfenergy. The convergence with respect to the number of bands and the basis-set extension both increase the calculated band gap and thus narrow the distance to the experimental value of 1.17 eV. The final deviation is comparable to that of typical pseudopotential calculations, which tend to a slight overestimation. 2, 3 Although a certain discrepancy with respect to the pseudopotential results still remains, we conclude that it is, in fact, smaller than suggested by previous calculations. 9, 11, 13, 14 The stronger underestimation in these studies must be attributed at least in part to an incomplete convergence with respect to the number of bands ͑e.g., 24 bands in Ref. 9͒ in combination with the linearization error. In the case of Si we find that the latter accounts for less than 0.03 eV, but we cannot rule out that it is larger in other systems and must be taken into account in order to obtain reliable GW results.
Very recently van Schilfgaarde et al. 28 also reexamined the convergence of the self-energy and the quasiparticle energies in Si, employing the same GW algorithm 11 as in this work. However, the eigenfunctions were generated by the full-potential LMTO method with basis sets ranging from 50 to 185 orbitals, including additional MT orbitals located in the conduction-band region. They obtained a ⌫ 25 Ј v -X 1c gap of 1.15 eV, similar to our results in Table II ; the slight discrepancy is due to the different way of generating the basis functions used to construct the self-energy. With the corrections for k-point convergence and screening due to the 2p electrons, their best estimate for the ⌫ 25 Ј v -X 1c gap, if the GW approximation is evaluated with LDA eigenstates, is 1.10 eV. Furthermore, Shishkin and Kresse reported quasiparticle band gaps obtained with a new PAW implementation in quantitative agreement with our results.
29
V. CONCLUSIONS
In this work we investigated the influence of the basis-set accuracy in linearized all-electron methods on the GW selfenergy correction. We showed that the addition of local orbitals defined as second and higher energy derivatives of solutions of the radial Schrödinger ͑or scalar-relativistic Dirac͒ equation constitutes an extension of the LAPW basis set that allows a systematic improvement towards basis-set completeness. In the case of silicon basis-set convergence of the GW results was essentially reached with the inclusion of second-derivative local orbitals. It is the basis-set dependence of ͚͗ c ͘ that is responsible for changes in the quasiparticle energies. As all of them decrease towards basis-set completeness, the effect on the relative transition energies is smaller than on the quasiparticle energies themselves. The fundamental band gap increases by less than 0.03 eV. This makes the LAPW method a suitable quantitative reference scheme for all-electron GW calculations. A stronger basis-set dependence in other systems or in the correction of higher bands is possible, however. If convergence with respect to the number of bands is also taken into account, the GW band gap turns out to be larger and closer to pseudopotential values than previously reported all-electron results, although a certain discrepancy still remains.
